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Problem 1: Simultaneous Rotation and Correspondence
Search Consider point sets Q@ = {q1,...,gn} C R? and
P ={pi,...,p.} C R®withm > n. Let C* be a subset of
Im] x [n] :={1,...,m} x {1,...,n} of size k*, called the inlier
correspondence set, such that all pairs (i1, 7;) and (9, J5) of C*
satisfy 21 # 22 and j; # J2. Assume that

¢ = R'pj+e€;, if(i,j) €’ (1)
where €; ; ~ N(0,0%13) is noise, R* is an unknown 3D rotation,
and (g;, p;) is called an inlier. If (i, ) & C* then (q;, p;) is
arbitrary and is called an outlier. The goal of the simultaneous
rotation and correspondence search problem is to simultaneously
estimate the 3D rotation R* and the inlier correspondence set C*

from point sets Q and P.
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GOREEL: XZ—MABRIEINFREEEREL, FESEZRERN(%logh), EXREFRT
SO (3) KU JLI4F M. SO () RKFT=HE4F5R1EZZEE (Special Orthogonal Group in three
dimensions) , WHIRANEEE, ERMBZHIEELERNES. ERJLAFHINT:
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BE EBNP-E ¥R AEMEMZ NI ATE (nondeterministic polynomial time) HI4EE),
N BEEERIANFE R T EEZIRRRBIRTE,
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3. MR IEA IR E A0,
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Tt EE G ERE SRR,
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EIE1 (ARCS) : RKELARAINNE, k=2, HHRBIHWSEMPRELERES
B “—RRIALE” o SREB—NERTEO (mlogm) BFEIFNO (m) 3 E] AR R [B]ER1 .

k*=2: 7 A THEEEAEREBNARMEEREITERIKE, NEEHRHIE
EPH—EHBENBIREN R, ENERBEEPER T —MEHZET

0(mlogm) : Z M XTI BT B E 2
0(m) : ZkERTE]|E 2 E
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%&H—&ua1u>:ﬁmﬂﬂF # =BT, BITNERR
(1) T ETEEHE (g, p)), ?izﬂlﬁllqlllz * 1lpjll2 -

<2) 7?7_ JLBW'EXT(CIM pjl) fu (qlz pjz) 1E?§‘ql1fnqlzz_zlz?j__o
IR S EEQFAPREHL AR P imdE, MXAANFHBIIIBE A1

ik (1) NEZEFRRRATHRBHSEBER S KBEEPHERBX oMLE. MRPHMOTREES
BEAEHEMUNBKKIES, AERSSHEAEKBLASMNNXANBENERMITEA—K. BIEKER
RHNRKESSEMERLANES, JUBKBERERAZENERYE, NTRDENXNEME ST,

iz (2) NEZRERMRABAL/IINEEEFIT, EMNFRREEN/ILAGE2FIEEGR. BIEXKTFE
—%Wéﬂ%ﬂ%$$ﬁ,Wﬂ%ﬁ%%%ﬂﬁ%%,ﬁﬁ%?%%%%ﬂﬁiEﬁ%ﬂF%?

M%SﬁaﬁnPEM_ﬁ SEIRFENRESEN, BLAFEEC—RRAUNEBERENHEEAN .. XEREERZH
FAT, BRIMATURIEEE 0 f1 P #HE—RIALEMEHE
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Algorithm 1: ARCS

1 Input: Q@ = {q;}1%,,P = {pj};-‘:l,ﬂ = 0;

2 Sort @ so that (w.l.o.g.) quHz <-.- < qullz;
3 Sort P so that (w.l.o.g.) leHz <. < Hpnllz;
1i=1j=1C=2;

s while i < m and 7 < ndo

6 di?j *i_— ”th2 —_”ijz; iﬁ)\ ,‘“7EQﬂ:n,‘“7EP
7 if difj > ¢ then iftl:ll Ij:,l:m7 C

8 ) +— 7+ 1;

| ewd S EORIPRIZ S

1 | ifd;; < —cthen dl] — |2 — ||p]||2
11 | i+ 1

12 end

13 if —c < d; ; < cthen

14 | C+CU(i,j); (i.4) « (i+1,j+1);

15 end

16 end

17 return C:
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ARCSEZA#(0)RR 1
[ BT A B e FEFER* I S X ES5C, UKRBISENRENN R HREEHE, NMKER
EQM S EP BRI EFAIT N X R

RAUAFREDR (VD) ABEIMALIPEL R (FREFBE—MEMESEEZE, BTHERES
A=A EERNFER. BENASVD, AILANZIBANASXREHELR)

1. FZFEFEAFIB: A = [[(hx, qu], [(hy, CIzy], [CI1Z, CIZZ]]

2. HEAFIBRIH I EEPE: A' = A — mean(A) B' = B - mean (B)
(FEREME—YREE—IINME, BREERE—FNEAN0, FILEEIEMRIEA A 1 B')
3. WEMAEREM: tEERE A 1 B MthHFERER C.

C= (1/n)*A"* B'"T (n2A'F B'HIFIED

4, #HITHFRESE: YW HEEERE C #ITHAREDHE, SR LFREEERE U FREHERE S
MAEEHFREEHEMAE Ve €=U *S *x VT

5. TTHEIEE R R*: BIFITHEEEER R*, Bazns 0 REMERISEE P WFHME.

R¥ = V % U'T
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ARCSHZRIBRUE :

m 104 10° 10°
n 8x10° 8x10* 8x10°
G 5.9 15.0 212.8
Brute Force 73.8 8304 8380441.5
ARCS 1.51 8.4 121.1

o1 £ FTlEE SR (G) FiBITARCSK (o]

1 896518]) (msec) (100;

- AV R
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l_tqiy k*_ 2)

WHEZE: B—HiE B E R O) @K 6
Bk, B ZE AR gERI RS Rk
JRI0] R,

£ 8170 8 2h FRIZRBIMFR B HL, MR

EEH, RN EBRWT . —1IR
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ARCS+ : 185EARCSH1IEE = BE /7

XERNZEFRERE 1]EI’JIEU o FAVF BT ERIZe ;~N(O, 5213)5IE1FEEH%Z1I]
WEEEBE. ARCS+RE=1TE, ?ﬂzﬂﬂ\ AR TRIN=NNTFRaalEE.
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Remark 20 (Probabilistic inlier noise). If we assume the
inliers follow the generative model (4) with €; ~ N(03,0713)
and o; = 0, it holds:

1 1
J__z”bi — Ra;||*= ;HEiHQN x°(3), (29)

IEE . where x2(3) is the Chi-squared distribution with three degrees
) of freedom. Therefore, with desired probability p, the weighted
error 2z ||€;|| for the inliers satisfies:

*
[l qi —R'p;l|,<5 540, EIEIITF IED(IIE?;II?,{,Tz):p 0
N K 2 = ;

1£n_n 9&(q11p1 || dl]||<5 540 2 ' 5
22 Z= /s _ 6 where ~° is the quantile of the x* distribution with three
E_*E%zi/l j~31 10~ (éj% [SO] ) o degrees of freedom and lower tail probability equal to p (e.g.,
v = 3 for p = 0.97). Therefore, one can simply set the noise
bound [3; in Problem (]E[) to be 3; = oy, set the ¢ = ~. As
mentioned in Section from optimization standpoint, this
is equivalent to setting 3; = ~o; and setting ¢ = 1. The

parameter v monotonically increases with p,; therefore, seiting
p close to 1 makes the formulation (6) more prone to accept

L

\|~'}

a
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RTEMEETHNNER, FRNEEEWARCSE ZFHwhi lefEIf, FH
7£0 (1+mlogm) B IB] AR B Fr B K/ A I BIXT K RBIEAC.

EMNEFERHIEAN G, ) €CHERId;; | <C, LLRICIEAS5. 540,
AT EFEEMER, FRMNEESHIN0()EHE, BAEFEERENBLT,
|1 BE A Tm,

HAVIF I AE LR A FRJIARCSHN, HEXNEEZHFRNRESC HEES T —H
WNEZR, XENNEREFEL(1-107°) K U RREANESLSI N ERZD
&%) . aAREk* < 103, NJZWEERKT99.9%, NRk* < 10*, MEZHELERKX
F99%.,




ARCSHN: fElE A TN BIXT M K F

#ZF2 (FFELEvs X2 X M vs ARCS+N) :

FHELES : BRSNS E S AN BIRR 2B EEA . e, BEITE#EAFZIE
HOREIARE, FMTATLUHATHFE LR, 2% R ZATRFHER S Birm B AVFHER T
PLEC. g ATBE S FHE AR EEESE T100 N R X FR. XERLREMMXRAZEET
FHEfmA FRUETESRR, BHFPEMEFFAHNLECE S ERE. FFHELE G ERE
REIRRE, BEENESIUEFEENENME, RS E—EREERERLENIE.
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ZFiE2 GFERE vs £ X 2 % R vsARCS+N) :

FHELES : BRI RNESEZ S =AM BIRR ZBRFERIA F. RiF, BEHTE#EFZE
ROREIARE, FATATLUAITHFERED, &% s cAFRFHER S Bir = ZBRAVFHER T
PLEC. XLETEX N XREETHMATHRUBEHESRN, BFAERIERATE
e ERN. FELESZREZERE, BEENESLSGEFRENSNE, AT E—
LiRILEC SRR E R ER, BT EREBEIBAS.

EXENM: TURBENAR, EREENTEFEOMmN KIE, FESSHES
AR i 75 A R B K ALAR (2] =

ARCS+N: iBid7E0 (1+mlogm) B [B] R fit— 1> K/ J9 | BIRIE XS N8R CoRIA B 18, %%
ENNECEZTHEAR, FEERSHME < mn (FTHEZUERR)
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m 1000 5000 10000
n 800 4000 3000
E* 200 1000 2000

{36622 931208 3762888
¢/(mn) 4.58% 4.66%  4.70%

x2: (EHEMRENSETRE L, ARCSHNAAHIRIEAR S SR
()« —RRE. XURMMEMMRFNER, BERINEER
FEE.




S8 - ARCSH0 L[ FEE

Problem 2. (robust rotation search) Consider £ pairs of 3D

points {(y;, ®;)}_,. with each pair satisfying

Yy, =R'x; + 0; + €;. (2)

Here €; ~ N(0,0°I3) is noise, o; = 0 if i € T* where
T* C [€] is of size k*, and if ¢ ¢ 7™ then o, is nonzero and
arbitrary. The task 1s to find R* and Z*.

Hir 2k B s E R e BRI VRS & 1 *

¢ AU RakaE

ovi VMBI =%;
xi EEXN=4%5;

R* EHEFLEEPE;
oi 2RFEE, R"RAPNLIRRZIE
IR

ci ElEE

BixkiR, ARES I* 2—1PMKRINMNA

k¥ WRS|EES, Hb kx 2EREHHE.
MRENZRS| | BT 1%, NN oi
HE, REIZXPNEEAR. MRFENER

5l i ANETF 1*, N oi AILLRE

FEIEFE, TRXMEEFER

‘ UNIVERSIDADE DE MACAU
= UNIVERSITY OF MACAU



XERIZE: SHRAEWLEENRKFE

Consider a collection of subsets of R, {7;} 1, where each
J: is an interval of the form [a, b]. In the interval stabbing
problem, Dl’lE needs to determine a point w € R and a subset
T of {J;}L_,, so that T is a maximal subset whose intervals
overlap at w. Formally, we need to solve

Z 3
e T ©)

st. weJ;,, Viel

BHfrzE ﬁ%ﬁﬁammw ERFA{J; H_ HIFEI,
FEIZEXEEwLEENRATE.

BP9 A S

UNIVERSIDADE DE MACAU

{Jitiz1: RRPMFE, FXAla b]HIXIE]
ol BUid =1 PRANEETE

|1]: RIRFEITENHE.

cw: RA—PEH, ERNBZRMUHNEE.
Ji: RRGTLE | HXEKAI—EHA]RERIE
5, XEHERS]T wBATiESEHE

UNIVERSITY OF MACAU



[X [B] | ZF

Interval Stabbing (

s\D’*fD(ﬁv” -;:HEL A9 KN ‘%1,

X[ERIZ) E—MAETE/LAMEAFENMNEE. B
K E|AE—2A X [8)Ff1—2H =, 15‘5 ﬁ%i A S AN X B R R EE

BiRkkin, fE—EHASHNXEM—EEHN S, FNEHNEE
BB, XMERBAIIRRA: BTFE R, THEE#HZ D
HEBINRAEETHZLES.

NI =R 2 N P
x@m“ﬂ*”,

R /| UNIVERSIDADE DE MACAU
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= B ==
SRR ARER
FRMNMEZ EATHHRER M IR ERUEIEEIHIEN R EREFESOREK, LUREIE—EHE
B M 4& P B KL EE R IR R B 4R
max 7|
TC[f],ReSO(3) (4)

st.||lyi — Raif|, <e, Viel.

ol: TIx—1NF5&E.

R: TR—NIEEREE, EKNEMUNTE

eReS0 (3) : BIE =445k 1IE3CEE (Special Orthogonal Group in three dimensions) BJFf 8
hEAEHERE (3x3HVEEME) HIE S

oc: FTR— 1 EHE, ERG TERIZY; — Rx;BIEKES.

RXTAANNENE, EHRCLAREMFREERE N, HE—NTE | M—Thede%kEE R, E15T
& | NEREAL

‘s“l'f,i,D!,' -pix :
e S SPLRE

s NIVERSIDADE DE MACAU
S UNIVERSITY OF MACAU




B&HE. IS0 (3) BlS?2

k73] %BA, MTFIFEERNBIHUEER [MTHRENBIESR,
FH— T UEEE (flanEVFRED |, EBAEFEFSENIEFNIE
AT, RugeEfmtimsfEnZEEE], XMTREAHUBEZ
NP-hard. Bk, RFIRAIBTE B NGHEKEE (4) HHR 9K,

MS0(3) Bls2, AT KIX—HBIR, RINNEXEENEBR2, H
A R* R MEAL Hb " TR 7E -




B&HE. IS0 (3) BlS?2

Proposition 1. Let v, := y; —x;. Recall €; ~ N (0, 0%13).
If (yi. x;) is an inlier pair, then v,'! b* ~ N(0, c?), and so
|v,! b*| < 4.90 with probability at least 1 — 107,

C. Proof of Proposition 1

Since b* is the rotation axis of R*, we have (R*)Tb* —
b*. Recall v; =y, — x; forevery: € Z. If ¢« € 7" then

b7 =(yi— @) b= (y; - R'xi) b, (34)
and further more if (y;, ;) is an inlier pair we get that
lv, b*| = €, b. (35)

Clearly € b is a Gaussian random variable with zero mean
and variance o%. The rest of the proof follows from a stan-

dard probability calculation.

SR A 2

] UNIVERSIDADE DE MACAU
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B&HE. IS0 (3) BlS?2

max A
TC[€],bes?
st.  |v/b|<éE Viel (3)
by = 0.

|: "’A—NFE,

b: BIEEH, ERRNEBMUNETE.

S?: RNZHEKKE LHBEMNEEES.

b,=: BATHEHBRNIRM, XEENEKAE S2 £, XF—NMAEMMEE b, b hE—
MNEEREE.

el 1 I C=4. 90 (XPNEMERNEEFEFRILURIEESHERT, NaX5h sz B
EBUN

XTLNANBTNZE, AREARFHNEHET, HB—PNTEIF—nekkiEb, EETE
HY R RA

- AV R
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pEAE: MSZE[0, m]

max Z|
TC[f],0€[0,7]
st. |vbl<e VieT (6)

b = [sin(#) cos(¢), sin(#)sin(¢), cos(h)] .

b FIE—19= sin(6) cos(dp) XNTF b [EI=F x M EAIFES.
b E_ZPT= sin(0) sin(p) IINTF b [AIFETE v LRI
b IE=NTE cos(0) INT b @MEFE z #HERE.

Hir 0 &FRx5 z HHRA, ¢ RRE xv PHLBKEES x HAIRAE

&\omfo(q e %
A A ] KN Z

%25 || UNIVERSIDADE DE MACAU
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pEAE: MSZE[0, m]

2%, REEETEH8¢, MEKRT—1TBEHE, FFAERRG), AFH/NMLEHKT: [0,
n]=R, ZEHFEEN G, € [0, n]BRGE(6) IBRE, EFd=000

fFRIEXIBZL0, n], EEER, BHIFET o RIFBI—ILH, RRE (6) FHP=0
B, T B 29 R 5% 1R B R BT X R Y B FR ek RV ERE

BEsNMUFAITREEREE (6) KBEMNGVERRAEE/NNRRZERAEITML,
MRS KR E. B (6) NREIR (5) WEHEER (4) i)

GOARE B ke
QA KN B
') UNIVERSIDADE DE MACAU
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A1 F [X |8) 3R ZF % 7R [o] #i

F—E: M0, n]ldhEkE
BsMEEfRS, 0= (2j-1) n/(2s)

@zﬂzo,m@fmﬁr:Q«g‘[;a%,‘i,,@wj")ﬁ/% 7 ¢ 15

e é?‘rklzfﬂwb%‘? //waéwf%?? ) %’ Wﬁ%j‘r{biﬂwﬁ,\?.
Aef ﬂ@ s b BFPRIN 2% Vé}y) L L Bidim AL S5 7
(j,\)m/;) 1 )‘4 %);}\gk.';] m‘?,g;/J\oﬁm 17,//%;?@‘(;13;@

: p,

ot B gt sl
i V2 =2 - 2 -
4%)]'/—r % - Z’l%s/'h-r;s‘ < s -/Q'—L

£ 73 i




A1 F [X |8) 3R ZF % 7R [o] #i

FBH: AES’FRXERIZF (ARBIREX N S MieikiH)

STFENIE[s], Ho=0;kE (6), FRIsMxZHNE[MsTMAEED . N
B¢ M0, FA1F B —MRIERedL 3b; -




A A X [B) R ZF R =] &

F=#: HESOQ) PXERZE (ChEREHAR)
EAIMAERA VAL HRET, bi, TR T—1TERE, EERw. SIEEA1ZE

max |Z|
TC[f],we[0,2n7]
st.  ||yi — Rx;||, <c, Viel (7)

R=0bb" +[b]ysin(w)+ (I3 —bb")cos(w)

XNERBIEEEMFEN TS ERRZET AT, (Rodrigues' formula) , A TFITESEE
SR 1 ThEAL B BESL RE P

‘s.\‘z’ffog' e :
SERy o A B
2

R NIVERSIDADE DE MACAU
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A A X [8] Rl ZF %R 5] &t
TC [fﬁggn, 2] |I|
s.t. H'yi — R:[:-HE <ec Viel (7)

R=>bb" +[b]xsin(w)+ (I3 —bb") cos(w)

R 2— 3x3 HINEREAENE.

b B BIEIE, ErisAm.

b B 33 HOAENE, EANR, FERER—MEMIEM, AT
TR

[bly,B— NI, RREIE b HIX k. 71X ERRESIEFEIHMAINELE .
*Ww Eﬁﬁé‘rﬁﬂ’]ﬁar‘

/3 =— 3x3 BUERLIEERE.

esin(w) F1 cos(w) ﬁﬁ'J%T%f w HYIEZ{EFMFKIZLIE.

(I3 = bbT) cos(w) B—IXI#RFERE, FTRIGESHEEHMEERRN S IR

‘s“l'f,i,D!,' -pix -
e S SPLRE

s NIVERSIDADE DE MACAU
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A A X [B) R ZF R =] &

max |Z|
TC[€],we|0,2x]
st.  ||yi — Rx;||, <¢c, Viel (7

R=>bb" +[b]xsin(w)+ (I3 —bb") cos(w)

SHEAN € [s1Ab = b KR (7)), B MEERASEL

MEA (4) B .

5\0’*‘"0(4 A ~
D SEL A9 N B

%25 || UNIVERSIDADE DE MACAU
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A A X [B) R ZF R =] &

]
= _
5 10)
= 10 =
'."'%" |-
v
1- 1 | | | 0.1 | | | [ |
10 30 50 70 90 10 30 50 70O 90
5 5
(a) ARCS+o (b) ARCS+pr

El1: XIFs (s=90) TAATRMEIEEIRERTTA(S00RIR, o =
0.01), LEAANLEIANEEIRE (LAUE (D),

= SRR

] UNIVERSIDADE DE MACAU
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HPR3: ARCSHR HEA&fdiT

ARCS+RZXTARCS+ORUI I Xt N | I TESEE I Z M3 E, HTARCS+HOE &
EBRTHREE. IR2FAMERIAR:

m 1000 5000 10000

: : 200 1000 2000

?j 800 4000 8000 Input Inlier Ratio 3555 531508 3762888
k 200 1000 2000 . . 199 093 1951
Output Inlier Ratio 575 1314 3184

¢ 36622 931208 3762888
¢/(mn) 4.58% 4.66%  4.70%

x*2: EERKN ”EETEJ‘,)?,“*J: ARCS+N/Z4E Y £3. ARCS+ORUMIL, MK 2.
IRERT R M. —RIRIE = ORI, =

UNIVERSIDADE DE MACAU
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HPR3: ARCSHR HEA&fdiT

FTABENBEEERRLOHNFEE (RIE<50%) . A4, 2FWAT

min Z”yt Rz, (8)

RESO(3) £

Lﬁ\/A‘t — Mol Bered, BTk — P aEsEEitadiolRa.
Z e BFr 2 E)— N iEiEEEMER €S0 (3) (UETRIERCEE) k&m/vib
AEMN R ENKRE.

)4

\

R EL (8)




HPR3: ARCSHR HEA&fdiT

Proposition 4. We have w' D;w = ||'y1- — Ra:t”z where

w € S? is a quaternion representation of R of (8), and
D; € R is a positive semi-definite matrix whose entries
depend on x;, y;. So Problem (8) is equivalent to

¢
min h(w), h(w)= Z VwT Dw. (9)
i=1

weSsSs

wE S° ZHERFEMARI I ST SRR, D; EREf—TMAX4Z— N IEFEREME, HIk
BT, yi  TRE-E (8) FMTiEd (9) . iE: (9) HEFRERHETCIER.

&\omroﬁ' e o
N T - -

4 ] UNIVERSIDADE DE MACAU
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A. Proof of Proposition 4

We consider a stronger version of Proposition 4:

Proposition 1. We have w' Dyw = Hy,- - R:z:,-Hj, where
w is a guaternion representation of R of (8), and D; €
R is a positive semi-definite matrix whose entries de-
pend on x;, y;. So Problem (8) is equivalent to

‘
n}ié}‘ h{w), h{w)= Z Vw T Diw. (1

i=1

Moreover, D; has eigenvalues 4, 4,0, 0 if =; and y; are nor-
malized (that is ||:|,, = ||vi]|, = 1.

We first recall some basics about unit quaternions, an al-
gebraic construction invented by Hamilton in the 1840's,
when the notion of vector does not exist; see the beautiful
account of [1]. In our current notation, each element w of
5% is called a unit quaternion. The most crucial fact is that
SO(3) is isomorphic to the 3-sphere 5* up to sign, that is
SO(3) = §%/{£1}. This implies a two-to-one correspon-
dence between unit quaternions and 3D rotations. Alge-
braically, any B € S0O(3) can be written as a 3 x 3 matrix

w% + u,ﬁ - u,i - w? 2(watry — wyiy) Dty + wyig)
2({waws + wiwy) u‘f + wﬁ - wé - wf
2({wawy — wyws) 2({wgwy + wywa)

where w = [w1,ws,wy, uy]T € §*. We can now write
the three entries of Rx; as quadratic forms w! X; w,
w' X; 2w, and w' X; qw, respectively. Here X; 1, X, 2.

and X 4 are 4 x 4 symmetric matrices, defined as

Xia = [z:]a [I:]:» —[:;"t']l (;I @
|~z (=il 0 —[m;]4 |
Xiz = U‘ ’ [1“']‘12 [I:]:l» £ ®
L ]y 0 ] —[Tf]z_
- {:B‘-{:\ [T\]T —[1(1;‘{]1 [ (]] b
Xia= _[:;j] Ut 3 —[wils [I:]; (4)
0 [:l\] 1 [1\] 2 [1\] 3 ]
Defining C; = [y Xi1 + [4:]2 X 2 + [9i]a X, 5, we get

that y;r Rz; = w' Ciw. And defining
2 2
D; = (|fyill, + [ ,)1a = 2€: )
with I; the 4 x 4 identity matrix, we obtain the equality

ly: = Rail[; = [lwe; + [ - 2 Rz, (6)
=w' Dw. (7

Since D; is symmetric and w " D;w > 0 for any w € 57,
we know that D; € R*** is positive semi-definite.
Suppose ||y‘-H2 = ”:Z,“H? = 1. Then there is at least two
different 3D rotations R; and R; satisfying y; = Ryx; =
Rsx;. Thus, with the factorization D; = Z‘-Z;r, there
are at least two quaternions w, and w, with w; # *w,
satisfying that Z;rwl = Z‘-Twz = 0. So rank(D;) =
rank(Z;) < 2. Recalling D; = 2I, — 2C;, we see that 1
is an eigenvalue of C; that has multiplicity at least 2. Sim-
ilarly, we can derive that ||y‘- + Rx; ||; = wTD:-w where
D, = (Jlwills + || |5 Ea + 2C: = 21, + 2 is positive
semi-definite of rank at most 2. That is, —1 is an eigen-
value of C; of multiplicity at least 2. Concluding. C; has
eigenvalues 1,1, —1, —1 and IJ; has eigenvalues 4, 4,0, 0.




£1%3: ARCSHR HEiE hit

BH—LEH S

BAIPNITE (unit quaternion) : BYPUTME—MMEFLEW, ATLIRHRSESR
=T EPREEY: . BT EIREHEK (KE) FTH19MTH. 2™
Ey&%)ﬂ?ﬁﬂ’éfj‘, E:ﬁixﬁ?ﬁ’]y&%lﬁ)ﬁfﬂﬂﬂ SN . BT EERIANER

R*: R*FTRMUESLH =8, AENLHARMITHMA, BT AT UHE
{ERR 4B — N E =

S3 . 53%1—-22’E$1_LB}2EEI’J S8, BT AEIEEERA R AT
AR HVEE S, SR LEFN T4 UrkE. XEEABMMTHAE
KA1, ﬁﬁUTUP-H?%%EZ’EH?EJ:E’\J,ﬁo

¢ S L
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SKfi# (9) BYARCSHRE A

ARCS+RIE T— AR HIZR = R #6 E TNPEHESR

RERBEEENT:

1. 1 EBRVE R, ERERF L. EEREE—MI XN ZELEN, EEBELE

(L FEBR LB &S], 1ET%%J:E¢7E%HIEJE)

2. IAKEFH: XTFEMNMEKRPSE t =0, 1, 2, PITUT 8

a. TTEEHA 5xt§\E’J7F%FE’JwI‘%F“ JI‘%FE% A%T?"ﬂliy'm AL E RS, B

BER—IEES, KERAEZSHEERRERNSITE.

b. FEXBEESTIEE—1 AR g € 0f(x,), Hp 0f (x,) RREE f £ x HOXE

EEE
. IR ?E%Ti?"*ﬁ&ﬁﬂ 1K (learning rate) : N ;o

BEEHEHEIE xp1 = Explx ] & nrg), EFExp x; iET?'fxtiE’Jumﬁ/J:EI’Haé&ﬂ%ﬁﬂﬂ’ﬁo

3. R 1E KM R\ ENFILENFEE2ERIEIENK. UMK IEFZFHEFEEIRKIE

KRB RBETUAIKRSEHETCHNTENHESE.

4. MiHER: BRESANMHER «*, BISHENMIT.

o o

SN “’“'-r,\ :)}j% Jaq ol ‘%{
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K% (9) HUARCS+HRE X

FN|UAREN BT HW(0) €S, FHIRUTERIENK:

w1 Projg (w™®™ — 1M v n(w®)), (10

1. Projgs : XRE—MRRERFEES’ (BAUUTHESR) LaVHRIE. EFEZEZSD, F
ZREHMENW 1 EERFEES?, URERENRE— TR TH.

2. YO RXEHK (BIR) , ATESBRERPEFRRE. v O AT

=T EERNERNERFERBREITEERFZE,

3.°Vs h(w®): XZBEHREHhELHFIRw (O LS TFHE. RETHER
—HE B, ATERSRE EE XA EB F#HITHREITE.

- AV R
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SKfi# (9) BYARCSHRE A

B IMEFKMNTIANIEIL A EELE (8) F1(9) o GASCEK [14] FRrERBRY, Xt
FETEER B ELE (B8 SmEe ) Bk >0, ZREXEEE T EESRFERN
WEFR*, R

(DREBX (FEREHBK)
(2) R BRI Ry, Fx; #5153 ES* £
(3) "BMRRA.

BEM4]PEERHWHEIER., ETIWHERN—NEEREZ, ES0Q) Lk
N EBEMIET kM (S0 Q) LM A EFEMIE ke =R E
FEFITIRFIRIER, PN TRIEMNKENIR. #BA1ER, RERIERRR
ERSEHAT)




K% (9) HUARCS+HRE X

F—RAHE, 9)&ESSLHRE#HENEBREMIET KEXMER. Fitk, A8
7% 79 ARCS+RHE {4t WA SKUIR & 1R IUE o

Blan, MIS3IWEIE2RILAE RS L, BIEEEHIG1L, ARCS+HREJL (10) &
0(e ") MIENPUEE] ¢ - FR=.

0(e 4 XENR: EMREECENRLBFREEZILT LS KE, HF ARG ENIE
RS ¢ *pIEEE. #MAIEW, ERREBEERERNESMRERD

W2 e -FRRR: RE—ERETEEA, BFREHNBUENTHFT ¢,
BIEfRER B E 2B B




SKfi# (9) BYARCSHRE A

SRS 48 ARCS+HRE M TSI T 0 RR FOE B AP T8 (BB RII T 2K
1B ST AEMMETE) Tw HIRHE:

R THwS Tw* ZBRIEEA:

dist(w, Tw™) :=

Hdistw, Tw)<pHp >0, MirwA o -FHiLEtw




W

Definition 1 (sharpness [ 15,44,49,53]). We say that +tw*
1s an c-sharp minimum of (9) if & > 0 and if there exists a
number p, > 0 such that any unit quaternion w € S? that
1S po-close to w™ satisfies the inequality

h(w) — h(w™) > adist(w, Tw"). (11)

Tw*Z (9) B a -$RAR/ME.

s\‘,mr,,(‘ i o~
N AL R

S ] UNIVERSIDADE DE MACAU
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thE
RMNAELEH W a xR —1NEE (MIEB. 195 2)ERR)

Proposition 5. If o* := k*Numin/V2 — (£ — k*)max > 0
and if €; = 0 in Problem 2, then Problem (9) admits Tw*
as an o -sharp minimum. Here 1yin, NMmax are respectively

1

fhoin 1= 7 min Y VwTDw, and  (12)
el
1
Nmax = [ _ Jor wméiﬁ?g | Z \/‘“—’T-Diwa (13)
ie[f)\T*

where S* is the hyperplane of R* perpendicular to +w*.

HpS"REETTw'HR'WEYE (—MEFEE—1M4ERLZ(E
AER—F=ZE, EXBEOURME—N=HANF=E)

SR A B

] UNIVERSIDADE DE MACAU
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e eS| B ISR VAN bk

M A 53] EIBAFIAp RS, FA1ISBIEARCS+REL (10) f, IR HESHER/ES
PR, RELwZE a xR, MR TERERMAUTTH wr. —PNERBAEHRZ:

D s come ot omnian 12 T AT O, BREE-TRAL
subgradient descent ARCS+z (10) with initialization w'®) (d a[a:ZTj':]‘: 1{‘ I:—\l YWLNEERIT =xFy, #BELL
satisfying dist(w'?), £w*) < min{a* /Ly, pa- } and with TAZFENRAL:
geometrically diminishing stepsizes v'*) = Bt~(0) where | f (x) - f (y) | < L * | X — y |
O < min | 260(0” — Luco) o AN EBLRHERARBINFEFREH.
L 2(a* — Lyeo) | XPMEHLRRTERRTUNERER, AT
e lraafe @) o, BOOF | TR A2 B B0 B SR L R
( h €o )'T e2 1 ? ‘ .
2. ZRITIERE—MHERNMULEEZFTHND
a*
co=min{ max{aistu® 20, ) e KRR, XM, SENS KLY

SIRBLARHER, BEFERN Ay @) =
y (0) * Bt

In the noiseless case (€; = 0) we have each w'V) satisfying

dist(w'?, +w*) < Ble. (14)

BP9 A S
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EAXRTDH, BENZLE. FKR(BEIOH1 (RSHREEGEMITNER) S5io)FH2
(Bt %) E XL R IFE(HARCS+H0 5 ;A FARCSHR L, A ft{18Y
2H4& 75 35ARCS+0R,

MFXAA R, AR T IATRAHGIE (S0 82) :FGR [85], GORE
[16], RANSAC, GNC-TLS[76]FATEASER++[80]

EE A 9 R B
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5. 3C59

RANSAC (Random Sample Consensus) : BE#IR AN “PEVLHHE—BMEE” E—M
ZBPNERFE. BETEBWNT:

1. BEE—MEAKE St T8, XA RIRA P S .
2, ERGEENASESRIA—MER, RIBEIEMNEAEREEE LSRR,
3, MTFRKBIES, HHENSHAERZ BMRE, HELE5TE YR E

1TEEHL
4, REHEFHYFELREARLEEEFS. —RME, WRBIELRENTHE,
MFEXITAAR; BN, KRS AR

5. ZITHNRRIH =

6. EEXBBTES—ERE GERRED

7. FIEREEPRFEESEAALRHENEAEARENMEITRE.
8\ ERMBEHRX T AARNBIE=EMUS RS,




5.1. BRR=RISEL

SLIRE : {EEIEE F LR P FERNSE, tbiingEE (0=0.01) | —1EHE
(c=5.540) . #F4X%= (n=0, 8m) LANAYIAE (s=90) ,
SCIGEAMATLABSCHL, B ERFITHEASTRAIEENL.

‘s.\‘z’ffog' e :
SERy o A B
2
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5. 3C59

5.1. R Z=RISELG

EREMREEEE: /EEBEMNQ, L) (_Z’EBLEMHE) AN SRAE ST { (y;, x) )
LPRC NN EFERS,~N(0, o2 I3). M\S2HEH R FERIAEEE AL T [0, ZH]EI’J
%f‘_—Ii}ﬁﬁEiﬁ%ﬁI‘iR MEEE (ERREXTHIESOBMAESE., HERIRE
ERER) . IEMATUAELREHE: — ||%H||%H<CT@%ﬂM%O

RIE1EEIFARCS+0. ARCSHREAK EATHIZH & ARCS+ORS E I/ 77 /A 1T T LEEL .




Inlier Ratio 10— 1% 00=01% 245 =006% 2 =003% 1% =0.01%
I+I /_\ TEASER++ [80] out-of-memory
~ ! = RANSAC 0.39]0.20 | 29.1 > 8.4 hours
° —L GORE [16,63]  3.43|2.10| 1698 > 12 hours
FGR [25] 52.268.5|3.64 95.0]60.9(37.7 84.9]59.4]145 86.5|56.9|311 97.3|61.3| 314
GNC-TLS [76] 3.86]9.51]0.13 63.4|50.5]2.26 49.9|31.1|159 90.2]45.6|40.1 120]|34.3]36.3
ARCS+z 9.92[13.1|0.12 65.2|48.9]0.96 55.6|38.3|558 88.4[36.2[12.6 98.2]36.0|12.2
ARCS+q 0.8610.29|1.71 0.99]0.37|23.2 091030125 0.98|0.42|287 55.6]60.9 281
ARCS+on 0.03]0.03]1.72 0.09]0.07|23.2 0.11]0.07|125 0.22]0.15|287 55.4|60.1 | 281

=4 EMEEESREBIE LWTENREE |FREE | BITRER 20K158)

WA T ERERTY B M > B HANE . 50, RANSACTEK*/L = 103/105FF E B RFAER M, 12
ZN 4039, EERNSLEHIAE D, EiTiEEEEMN, MEBGNC-TLSHIFGRIXFHR AR FE T

B BEGEAESESMNERNE, ARCS+HOZEAERMMTT B alaeTESs HERNSL
58123 x 103/107 = 0.03%, =EFEE/NT1IE., HETFEARCS+ORF—FSIRE T EH M., T E

M7 HE, ARCS+ORIEZZLLFGRIR, 3 HXFk*/@ =103/106=0.1%, ZF/DLLGOREJR1800(Z, A1, 5

GOREFIRANSACEE K R E VR B LR F R IZE ., EBIEZIARCS+ORTEK* /€ = 103/107 = 0.01%A7 %k
¥,

BP9 A S
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5.1. EEZ=RISEL

[ERThEsE AN IR 2R : AEE T 7 hedE b Fxg I R AYSERL, MN(O, I3) KEX
THEN R EQFIPHETE R TR S FEE . BANERFSBERETIIEI A
N (0, I3) FREzTHIRY.




)
= 15
m
= 10-
k=
3 5-
o
¥
ﬂ - | | | |
1000 3000 5000 7000
# Inlier Pairs (k&™)

lem&rAmm%mztm%%ﬁ%o
o = 0.01,

ZO/A'LTQLM

SR A
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= 104,

n =0. 8m,

{EZ B~ TARCS+7EK* = 2000RFgEZ AL
THhEsE (FE90FPA)) , FEk* = 1000FFRA
=, EZB3855%5 ARCS+'_ﬁTEASER++\ GORE
S{RANSACE /57Xt 1TEE R, EAREZAIRIZR
F& (FR2FAZR4) |, XEEFER BT B S
MHERAIRIE, M 1LiEY, RFPFHIX#ERVGFE

PLEC 5 ATEREN & iR BRI AME.

Inier Ratio &~ 100 —1% 100 =01% 20 =006% 24 =003% % =0.01%
TEASER++ [20] out-of-memory
RANSAC 0.39]0.20 | 29.1 > 8.4 hours
GORE [16,63]  3.43|2.10 | 1698 > 12 hours
FGR [85] 52.2|68.5[3.64 95.0[60.9|37.7 849|59.4|145 86.5]|56.9|311 97.3|61.3|314
GNC-TLS [76]  3.86|9.51|0.13 63.4]50.5|2.26 49.9|31.1]15.9 90.2|45.6|40.1 120 |34.3|36.3
ARCS+y 9.9213.1]0.12 65.2|48.9]0.96 55.6|38.3]|5.58 88.4[36.2]|12.6 98.2]36.0]12.2
ARCS+o 0.86]0.29|1.71 0.99]0.37|232 0.91]0.30]125 0.98|0.42|287 55.660.9|281
ARCS+og 0.03/0.03|1.72 0.09]0.07]23.2 0.11]0.07]|125 0.22]0.15|287 55.4|60.1| 281
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5.2. 3dILECSEIE

3DMat0h§&ﬂ§§Efﬂﬁ?1OOO TMHFNRNE, KBTI ERNIAE, MBNH=ER
SR HEMNTTEIS06R S, BAAShABT1051 4, Ri1E M 3DSmoothNet HIT
1)”2??1‘%’*” 7[30] X 2E 0 iR BRI 1T, FF{EFMat|abiR #pcmatchfeaturesi#iT
LEE, HES#MatchThresholdix B e K{E1 (ﬂi’,ﬂ]lﬁﬁT #MatchThresho | dBY
BEAZKE!, XEREREABLIEEZHUNEARFT AW ICEC I

TOADE 081'” .;;;E ﬁq _K ‘%’
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Scene Type  Kitchen Homel Home2 Hotell Hotel2 Hotel3 Study Room MIT Lab Overall

# Scene Pairs 506 156 208 226 104 54 292 T7 1623
TEASER++ 99.0% 981% 94.7%  98.7% 99.0% 98.1% 97.0% 94.8%  97.72%
ARCS++og 98.4% 97.4% 95.7 % 08.7%  98.1% 100 % 97.3% 96.1% 97.72%

2%5: FIATESDMatchHIBRERIA =X EIBTRUAIIER, e T B EsE A0
T et irE /N T10EERER)

A1 &N TEASER++FIARCSHORMEBEAFELE T . FHNEXBRBLLBEMFIE,
J9TEASER++H BiI£E3DMatch_t By Bt &= 4F

SR A B
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1ON=H]

« ARCS+ELAIFIT T ITieH g 7 —LE R
« X NBRIIESE, Tu%ﬁ?-ﬂﬂﬁi UNMAGSAC++, VSAC.

TEASER++FNGORE. T KHIEIEE, 1EEHETFEAGNC-TLSH
RANSACE 3£,

« ARCS+E R AR EEEHFAXRMRLY, BREMMLIRIE. 1]
WIWATEMARIUE. ERMERME R =& BIFENE, mEE]

;l

HWEX = EMHEE SR HE kkﬂ.*%ﬂ']l'ﬂm_
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