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Policy-based reinforcement learning

Policy gradient
• Policy function: (a|s), σ𝑎∈A (a|s) = 1.
• Input: s.
• Output: probabilities for all actions, e.g.,

(left|s)=0.2,
(right|s)=0.1,
(up|s)=0.7.

• Policy network: use (a|s;) to approximate (a|s).
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Policy-based reinforcement learning

Policy gradient

• Discounted return: 

Ut = Rt + 𝛾𝑅𝑡+1 + 𝛾2Rt+2 + 𝛾3Rt+3 + ⋯

• Action-value function:

𝑄𝜋 𝑠𝑡, 𝑎𝑡 = 𝐸[𝑈𝑡|𝑆𝑡 = 𝑠𝑡, 𝐴𝑡 = 𝑎𝑡]

• State-value function:

𝑉𝜋 𝑠𝑡 = 𝐸𝐴[𝑄𝜋(𝑠𝑡, 𝐴)]

(If descrete) = σ𝑎  𝑎|𝑠𝑡 · 𝑄𝜋 𝑠𝑡, 𝑎 .

• Approximate state-value function:

𝑉 𝑠;  = σ𝑎  𝑎|𝑠;  · 𝑄𝜋 𝑠, 𝑎
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Policy-based reinforcement learning

Policy gradient

• Approximate state-value function:

𝑉 𝑠;  = σ𝑎  𝑎|𝑠;  · 𝑄𝜋 𝑠, 𝑎

If a policy is good, the mean value of 𝑉𝜋 𝑠𝑡 is supposed to be big, 

so we can define the target function:

𝐽  = 𝐸𝑆[𝑉𝜋 𝑆 ].

The target is to maximize 𝐽  by updating :

 + 𝛽 · 𝜕𝑉(𝑠;𝜽)
𝜕𝜽

policy gradient
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Policy-based reinforcement learning

Policy gradient
𝑉 𝑠;  = σ𝑎  𝑎|𝑠;  · 𝑄𝜋 𝑠, 𝑎 , 𝜕𝑉(𝑠;𝜽)

𝜕𝜽
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Policy-based reinforcement learning

Policy gradient

2 forms of policy gradient:

• Form 1: 𝜕𝑉(𝑠;𝜽)
𝜕𝜽

= σ𝑎
𝜕 𝑎|𝑠;

𝜕 · 𝑄𝜋 𝑠, 𝑎

• Form 2: 𝜕𝑉(𝑠;𝜽)
𝜕𝜽

= 𝐸𝐴~𝜋(·|𝑠;𝜽)[
𝜕𝑙𝑜𝑔𝜋 𝐴|𝑠;

𝜕 · 𝑄𝜋 𝑠, 𝐴 ]
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Policy-based reinforcement learning

Policy gradient

• Use form 1: 𝜕𝑉(𝑠;𝜽)
𝜕𝜽

= σ𝑎
𝜕 𝑎|𝑠;

𝜕 · 𝑄𝜋 𝑠, 𝑎

1. For every a∈A, calculate f(a,θ)=𝜕 a|s;
𝜕 · Qπ s, a .

2. 𝜕V(s;𝛉)
𝜕𝛉

= σa f(a, θ).

• E.g., A={“left”, “right”,”up”}.

𝜕V(s;𝛉)
𝜕𝛉

= f "left", θ + f "right", θ + f "up", θ .
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Policy-based reinforcement learning

Policy gradient

• Use form 2: 𝜕𝑉(𝑠;𝜽)
𝜕𝜽

= 𝐸𝐴~𝜋(·|𝑠;𝜽)[
𝜕log 𝐴|𝑠;

𝜕 · 𝑄𝜋 𝑠, 𝐴 ]

1. (Monte Carlo) Randomly sample ො𝑎 according to 𝜋(· |𝑠; 𝜽).

2. Calculate g( ො𝑎,θ)= 𝜕log ො𝑎|𝑠;
𝜕 · 𝑄𝜋 𝑠, ො𝑎 .

3. Use g( ො𝑎,θ) to approximate 𝜕𝑉(𝑠;𝜽)
𝜕𝜽

.
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Policy-based reinforcement learning

Policy gradient

Algorithm:

1. Observe 𝑠𝑡.

2. Randomly sample 𝑎𝑡 according to 𝜋(· |𝑠; 𝜽).

3. Compute 𝐪𝐭 ≈ 𝐐𝛑 𝐬𝐭, 𝐚𝐭 .

4. Differentiate policy network: 𝒅θ,𝑡 =
𝜕log(𝑎𝑡|𝑠𝑡;𝜽 )

𝜕 |𝜽=𝜽𝑡.

5. Approximate policy gradient: g(𝑎𝑡, 𝜽𝑡)= 𝑞𝑡 · 𝒅θ,𝑡.

6. Update policy network: 𝜽𝑡+1 = 𝜽𝑡 + β · g(𝑎𝑡, 𝜽𝑡).
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Policy-based reinforcement learning

REINFORCE & actor-critic

REINFORCE: Monte Carlo

• Play the whole game and record the trajectory:

𝑠1, 𝑎1, 𝑟1, 𝑠2, 𝑎2, 𝑟2, …, 𝑠𝑡, 𝑎𝑡, 𝑟𝑡
• Compute the discounted return 𝑢𝑡 = σ𝑘=𝑡

𝑇 𝛾𝑘−𝑡𝑟𝑘 for all t.

• Because 𝑄𝜋 𝑠𝑡, 𝑎𝑡 = 𝐸[𝑈𝑡|𝑆𝑡 = 𝑠𝑡, 𝐴𝑡 = 𝑎𝑡], we can use 

𝑢𝑡 to approximate 𝑄𝜋 𝑠𝑡, 𝑎𝑡 .

• Use 𝑞𝑡 = 𝑢𝑡.
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Policy-based reinforcement learning

REINFORCE & actor-critic

Actor-critic method: use neural network to approximate 𝑄𝜋
• State-value functon

𝑉 𝑠;  = σ𝑎  𝑎|𝑠 · 𝑄𝜋 𝑠, 𝑎 ≈ σ𝑎  𝑎|𝑠;  · 𝑞 𝑠, 𝑎;w

• Policy network – actor

Use neural network  𝑎|𝑠;  to approximate  𝑎|𝑠 .

Use policy network to control the agent.

• Value network – critic 

Use neural network 𝑞 𝑠, 𝑎;w to approximate 𝑄𝜋 𝑠, 𝑎 .

It’s only used to give a grade, not to control the agent.
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Policy-based reinforcement learning

REINFORCE & actor-critic

Policy network – actor:  𝑎|𝑠; 
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Policy-based reinforcement learning

REINFORCE & actor-critic

Value network – critic: 𝑞 𝑠, 𝑎;w
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Policy-based reinforcement learning

REINFORCE & actor-critic

Actor-critic method: use neural network to approximate 𝑄𝜋
• State-value functon

𝑉 𝑠;  = σ𝑎  𝑎|𝑠 · 𝑄𝜋 𝑠, 𝑎 ≈ σ𝑎  𝑎|𝑠;  · 𝑞 𝑠, 𝑎;w

• Policy network – actor

 𝑎|𝑠;  is updated to increase state-value 𝑉 𝑠;  .

• Value network – critic 

𝑞 𝑠, 𝑎;w is updated to estimate the return more accurately.
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Policy-based reinforcement learning

REINFORCE & actor-critic

Train actor-critic

1. Observe 𝑠𝑡.

2. Randomly sample 𝑎𝑡 according to  · |𝑠𝑡; 𝑡 .

3. Perform 𝑎𝑡 and observe new state 𝑠𝑡+1 and reward 𝑟𝑡.

4. Update w in value network 𝑞 𝑠, 𝑎;w , using TD.

5. Update θ in policy network  𝑎|𝑠;  , using policy gradient.
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Summary of actor-critic

1. Observe 𝑠𝑡 and randomly sample 𝑎𝑡 according to  · |𝑠𝑡; 𝑡 .

2. Perform 𝑎𝑡 and observe new state 𝑠𝑡+1 and reward 𝑟𝑡.

3. Randomly sample ෤𝑎𝑡+1 according to  · |𝑠𝑡+1; 𝑡 . (NOT perform ෤𝑎𝑡+1)

4. Evaluate value network: 𝑞𝑡 = 𝑞 𝑠𝑡, 𝑎𝑡;𝒘𝑡 and 𝑞𝑡+1 = 𝑞 𝑠𝑡+1, ෤𝑎𝑡+1;𝒘𝑡 .

5. Compute TD error: 𝛿𝑡 = 𝑞𝑡 − (𝑟𝑡 + γ · 𝑞𝑡+1).

6. Differentiate value network: 𝒅𝑤,𝑡 =
𝜕𝑞(𝑠𝑡,𝑎𝑡;𝐰 )

𝜕w |𝒘=𝒘𝑡.

7. Update value network 𝑞 𝑠, 𝑎;w : 𝒘𝑡+1 = 𝒘𝑡 − 𝛼 · 𝛿𝑡 · 𝒅𝑤,𝑡.

8. Differentiate value network: 𝒅θ,𝑡 =
𝜕𝑙𝑜𝑔π(𝑎𝑡|𝑠𝑡;𝜽 )

𝜕𝜽
|𝜽=𝜽𝑡.

9. Update policy network  𝑎|𝑠;  : 𝜽𝑡+1 = 𝜽𝑡 + β · 𝑞𝑡 · 𝒅𝜃,𝑡.

Policy-based reinforcement learning

REINFORCE & actor-critic

TD target
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Summary of actor-critic

1. Observe 𝑠𝑡 and randomly sample 𝑎𝑡 according to  · |𝑠𝑡; 𝑡 .

2. Perform 𝑎𝑡 and observe new state 𝑠𝑡+1 and reward 𝑟𝑡.

3. Randomly sample ෤𝑎𝑡+1 according to  · |𝑠𝑡+1; 𝑡 . (NOT perform ෤𝑎𝑡+1)

4. Evaluate value network: 𝑞𝑡 = 𝑞 𝑠𝑡, 𝑎𝑡;𝒘𝑡 and 𝑞𝑡+1 = 𝑞 𝑠𝑡+1, ෤𝑎𝑡+1;𝒘𝑡 .

5. Compute TD error: 𝛿𝑡 = 𝑞𝑡 − (𝑟𝑡 + γ · 𝑞𝑡+1).

6. Differentiate value network: 𝒅𝑤,𝑡 =
𝜕𝑞(𝑠𝑡,𝑎𝑡;𝐰 )

𝜕w |𝒘=𝒘𝑡.

7. Update value network 𝑞 𝑠, 𝑎;w : 𝒘𝑡+1 = 𝒘𝑡 − 𝛼 · 𝛿𝑡 · 𝒅𝑤,𝑡.

8. Differentiate value network: 𝒅θ,𝑡 =
𝜕𝑙𝑜𝑔π(𝑎𝑡|𝑠𝑡;𝜽 )

𝜕𝜽
|𝜽=𝜽𝑡.

9. Update policy network  𝑎|𝑠;  : 𝜽𝑡+1 = 𝜽𝑡 + β · 𝛿𝑡 · 𝒅𝜃,𝑡.

Policy-based reinforcement learning

REINFORCE & actor-critic

TD target

With baseline
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Policy gradient with baseline

REINFORCE with baseline
State-value function:

𝑉𝜋 𝑠 = 𝐸𝐴[𝑄𝜋(𝑠, 𝐴)] = σ𝑎  𝑎|𝑠; 𝜽 · 𝑄𝜋 𝑠, 𝑎 .

Policy gradient:

𝜕𝑉𝜋(𝑠)
𝜕𝜽

= 𝐸𝐴~𝜋(·|𝑠;𝜽)[
𝜕𝑙𝑜𝑔𝜋 𝐴|𝑠; 

𝜕
· 𝑄𝜋 𝑠, 𝐴 ]

Baseline: make b independent of A
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Policy gradient with baseline

REINFORCE with baseline

Policy gradient with baseline
𝜕𝑉𝜋(𝑠𝑡)
𝜕𝜽

= 𝐸𝐴𝑡~𝜋[
𝜕𝑙𝑛𝜋 𝐴𝑡|𝑠𝑡; 

𝜕
· (𝑄𝜋 𝑠𝑡, 𝐴𝑡 − 𝑏)]

Monte carlo approximation
• Randomly sample 𝑎𝑡~𝜋 · |𝑠𝑡;  and compute g(𝑎𝑡)
• g(𝑎𝑡) is an unbiased estimate of the policy gradient:

𝐸𝐴𝑡~𝜋 𝑔 𝐴𝑡 = 𝜕𝑉𝜋(𝑠𝑡)
𝜕𝜽

.
Stochastic policy gradient

g(𝑎𝑡)= 𝜕𝑙𝑛𝜋 𝑎𝑡|𝑠𝑡;
𝜕 · (𝑄𝜋 𝑠𝑡, 𝑎𝑡 − 𝑏).

Stochastic policy gradient ascent:
𝜃 ← 𝜃 + 𝛽 ∙ 𝑔 𝑎𝑡 .

b (independent of 𝐴𝑡) doesn’t affect 𝐸𝐴𝑡~𝜋 𝑔 𝐴𝑡 , but affects 𝑔 𝑎𝑡 . A well 
chosen b leads to small variance and speeds up convergence.
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Policy gradient with baseline

REINFORCE with baseline

Stochastic policy gradient (b= 𝑉𝜋 𝑠𝑡 )

g(𝑎𝑡)= 𝜕𝑙𝑛𝜋 𝑎𝑡|𝑠𝑡;
𝜕 · (𝑄𝜋 𝑠𝑡, 𝑎𝑡 − 𝑉𝜋 𝑠𝑡 ).

• (Monte carlo) In REINFORCE:

𝑢𝑡 ≈ 𝑄𝜋 𝑠𝑡, 𝑎𝑡 .

• Approximate 𝑉 𝑠;  with value network v 𝑠;𝒘 .

Approximate policy gradient:

𝜕𝑉𝜋(𝑠𝑡)
𝜕𝜽

≈ g(𝑎𝑡) ≈
𝜕𝑙𝑛𝜋 𝑎𝑡|𝑠𝑡;

𝜕 · (𝑢𝑡−𝑣 𝑠𝑡;𝒘 ).
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Policy gradient with baseline

REINFORCE with baseline
Summary of REINFORCE with baseline

• Play a game to the end and observe the trajectory:

𝑠1, 𝑎1, 𝑟1, 𝑠2, 𝑎2, 𝑟2, …, 𝑠𝑡, 𝑎𝑡, 𝑟𝑡
• Compute the discounted return 𝑢𝑡 = σ𝑘=𝑡

𝑛 𝛾𝑘−𝑡 · 𝑟𝑘 and 𝛿𝑡 = 𝑣 𝑠𝑡;𝒘 − 𝑢𝑡.

• Update the policy network:

𝜽 ← 𝜽 − 𝛽 · 𝛿𝑡 ·
𝜕𝑙𝑛𝜋 𝑎𝑡|𝑠𝑡;

𝜕 .

• Update the value network:

𝒘 ← 𝒘−  · 𝛿𝑡 ·
𝜕𝑣 𝑠𝑡;𝒘

𝜕w .
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Policy gradient with baseline

Advantage actor-critic (A2C)

Stochastic policy gradient (b= 𝑉𝜋 𝑠𝑡 )

g(𝑎𝑡)= 𝜕𝑙𝑛𝜋 𝑎𝑡|𝑠𝑡;
𝜕 · (𝑄𝜋 𝑠𝑡, 𝑎𝑡 − 𝑉𝜋 𝑠𝑡 ).

• Policy network – actor: 𝜋 𝑎|𝑠; 

• Approximation to policy function 𝜋 𝑎|𝑠 .

• Controls the agent.

• Value network – critic: 𝑣𝜋 𝑠;𝒘 .

• Approximation to state value function 𝑉𝜋 𝑠 .

• Evaluates the state s.

Advantage
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Policy gradient with baseline

Advantage actor-critic (A2C)

Train A2C

• Observe a transition (𝑠𝑡, 𝑎𝑡, 𝑟𝑡, 𝑠𝑡+1).

• TD target: 𝑦𝑡 = 𝑟𝑡 + γ · 𝑣(𝑠𝑡+1,𝒘).

• TD error: δ𝑡 = 𝑣 𝑠𝑡, 𝒘 − 𝑦𝑡.

• Update policy network (actor) with:

𝜽 ← 𝜽 − 𝛽 · 𝛿𝑡 ·
𝜕𝑙𝑛𝜋 𝑎𝑡|𝑠𝑡; 

𝜕
.

• Update the value network (critic) with:

𝒘 ← 𝒘−  · 𝛿𝑡 ·
𝜕𝑣 𝑠𝑡;𝒘

𝜕w .
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Advanced techniques in policy-based RL

TRPO: trust region policy optimization
Trust region methods, target: max

𝜃
𝐽(𝜃)

• Trust region: 𝑁 𝜃𝑛𝑜𝑤 = {𝜃| 𝜃 − 𝜃𝑛𝑜𝑤 2 ≤ ∆}.

• Construct function 𝐿 𝜃|𝜃𝑛𝑜𝑤 , satisfying:

𝐿 𝜃|𝜃𝑛𝑜𝑤 is very close to 𝐽(𝜃), ∀𝜃 ∈ 𝑁 𝜃𝑛𝑜𝑤
• 𝐽(𝜃) can be replaced by 𝐿 𝜃|𝜃𝑛𝑜𝑤 when 𝜃 ∈ 𝑁 𝜃𝑛𝑜𝑤
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Advanced techniques in policy-based RL

TRPO: trust region policy optimization
Train

• Approximate

a) Present policy network parameter is 𝜃𝑛𝑜𝑤. Use 𝜋 𝑎|𝑠; 𝜃𝑛𝑜𝑤 to control the 

agent, record trajectories: 𝑠1, 𝑎1, 𝑟1, 𝑠2, 𝑎2, 𝑟2, …, 𝑠𝑛, 𝑎𝑛, 𝑟𝑛.

b) For all t, calculate 𝑢𝑡.

c) Approximate function: ෨𝐿 𝜃|𝜃𝑛𝑜𝑤 = 1
𝑛
σ𝑡=1
𝑛 𝜋 𝑎𝑡|𝑠𝑡;𝜃

𝜋 𝑎𝑡|𝑠𝑡;𝜃𝑛𝑜𝑤
· 𝑢𝑡.

• Maximize

𝜃𝑛𝑒𝑤 = 𝑎𝑟𝑔𝑚𝑎𝑥𝜃 ෨𝐿 𝜃|𝜃𝑛𝑜𝑤 ; 𝑠. 𝑡. 𝜃 − 𝜃𝑛𝑜𝑤 2 ≤ ∆.
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Advanced techniques in policy-based RL

Entropy regularization
• Entropy

Entropy(p)=−σ𝑖=1
𝑛 𝑝𝑖 ∙ 𝑙𝑛𝑝𝑖.

• Small entropy means probability is too concentrated, while big entropy means 

greater randomness (prefered).

• Entropy of probability distribution

𝐻 𝑠; 𝜽 ≜ 𝐸𝑛𝑡𝑟𝑜𝑝𝑦 𝜋 ∙ 𝑠; 𝜽 = −σ𝑎∈A𝜋 𝑎 𝑠; 𝜽 ∙ 𝑙𝑛𝜋 𝑎 𝑠; 𝜽 .

• Policy-based RL using entropy regularization

𝑚𝑎𝑥𝜽𝐽 𝜽 + 𝜆 ∙ 𝐸𝑆[𝐻 𝑠; 𝜽 ].

• Gradient and update 𝜽

෥𝒈 𝑠, 𝑎; 𝜽 ≜ [𝑄𝜋 𝑠, 𝑎 − 𝜆 ∙ 𝑙𝑛𝜋 𝑎 𝑠; 𝜽 − 𝜆] ∙ ∇𝜽𝑙𝑛𝜋 𝑎 𝑠; 𝜽 .

𝜽 ← 𝜽 + 𝛽 · ෥𝒈 𝑠, 𝑎; 𝜽 .
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Partial observations

RNN: recurrent neural network

• Problem: in many cases, the observations are partial, leading to difficult 

decision-making. Replacing 𝑠𝑡 with 𝑜𝑡 is the simplest way, but it’s not 

efficient enough.

• Solution: remember all the 𝑜𝑖: 𝑜1, 𝑜2,… , 𝑜𝑡, denoted by 𝑜1:𝑡 =

[𝑜1, 𝑜2,… , 𝑜𝑡], and policy network is 𝜋(𝑎𝑡|𝑜1:𝑖; 𝜽).

• However, with the growth of t, the length of 𝑜1:𝑡 changes accordingly.

• We can use recurrent neural network (RNN).
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Partial observations

RNN: recurrent neural network

• For all t=1, 2, …, n, recurrent layer maps [𝑥1, 𝑥2, … , 𝑥𝑡] to ℎ𝑡.

• The length of ℎ𝑡 is fixed.
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Partial observations

RNN: recurrent neural network

Input is [𝑥1, 𝑥2, … , 𝑥𝑛], output is Ƹ𝑝.
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Partial observations

RNN: recurrent neural network

• Simple recurrent layer

𝒉𝑡 = tanh(𝑾 𝒉𝑡−1; 𝒙𝑡 + 𝒃).
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Partial observations

RNN: recurrent neural network

RNN as policy network: 𝒇𝑡 = 𝜋(𝑎𝑡|𝒐1:𝑡; 𝜽).
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Thank you.
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