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1.1 The concept of geometric perception

® Geometric perception: Estimating unknown geometric models (e.g., poses,
rotations, 3D structure) from sensor data (e.g., camera images, lidar scans,
inertial data, wheel odometry).

® Measurement models:

y; = fi(x")+€, with ;€ R and z°e€XC IE'.‘iI_._
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1.1 The concept of geometric perception

® *The perception frontendznsizi:  are the result of a pre-processing of

the raw sensor data, from raw image pixels (typically using a
neuralnetwork). prone to errors.

® The perception back-endz4n5:3: the estimation algorithms that compute
x from the , computes the object pose given the yi’s.



1.2 Outlier-robust estimation

® Consensus Maximization(MC): searches for the largest set of inliers such
that the measurements selected as inliers have a low error with respect to
some estimate

X, = argmax Z"J* , subject to w; - ||lyi — fl(:r:]||§ <&,

- J

The value of when the the maximum error for a
formula reaches the maximum measurement to be considered
value an inlier




1.2 Outlier-robust estimation

® The Least Trimmed Squares (LTS): statistical technique for estimation of
unknown parameters of a linear regression model

T
< 111i1:12111'111 (||yl- — fi(:r}Hﬁ : E::")

reX 2 g

T
= arg;minzf.ui Ny — jt(m)ug Y1),
wref0 ™.y
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1.3 Moment Relaxations

® Relaxation Method#at & 5%: Gradually approach the solution of the problem
through repeated iterative calculations. 1:determining initial values. 2:apply
update rules repeatedly. 3:setting conditions to a certain threshold

® polynomial optimization problem (POP) % m= 111k (o) 55k

@® Lasserre proposed a global optimization algorithm4 g4t &:% for solving POP,
which is based on semidefinite programming (SDPz=#1%1) relaxation and can
infinitely approximate the global optimal value of the problem.



1.3 Moment Relaxations

® Lasserre method: (i) rewrite (POP) using the moment matrix X, (ii) relax the
(non-convex) rank-1 constraint on X (and only enforce X>0), which is a convex
constraint), (iii) add redundant constraints that are trivially satisfied in (POP)
but still contribute to improving the quality of the relaxation.

m* £ min {(C,X)|A(X)=b, X =0}.
XEE-MP

moment relaxation .+ oDP solver " roundin . ., certification . ?
(POP) 0 (TiAE Y SDE SOV, sy ONHOIIR 2 o .
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Fact 1 (Variables in geometric perception). The d-dimensional Special Orthogonal group SO(d) Al
[ReR™ | RTR = 1;,det(R) = +1} (i.e., the group of rotations), and the Special Euclidean
group SE(d) £ {[ § i ] € RE+Dx+D) | R € SO(d),t € R?} (i.e., the group of poses and rigid
transformations) are basic semi-algebraic sets.® Moreover, several geometric constraints (e.g., field-
of-view or maximum distance constraints) can be written as basic semi-algebraic sets.

® Rotation search: Estimate the rotation R € SO(3) that aligns pairs of 3D points ( , ),
i=1,2,.....,n. The measurement model for the (inlier) measurements is given by:

same form as (3)

e

x°2yec(R) -

b; = Ra; + € b; = (a] ®I3)z° +¢,

where € is the measurement noise. we used the vectorization operator vec(-) to transform
a 3D matrix into a vector and manipulated the expression using standard vectorization
properties. Rotation search arises, for instance, in satellite attitude estimation and image
stitching.




® 3D point cloud registration:

Example 2 (3D point cloud registration). Estimate the rigid transformation (R.t), with R € SO(3)
and t € R3, that aligns pairs of 3D points (a;, b;), i = 1,...,n. The measurement model for the
(inlier) measurements is:

same form as (3)

E)I'I [ ﬂ:@lq 13 ]:‘BG—I-;,

Point-to-plane 3D registration can be similarly formulated using a linear model involving a rigid
transformation [30]. Registration problems are commonly encountered in instance-level object pose
estimation, scan-matching for 3D reconstruction, and (stereo or RGB-D) visual odometry [1].
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Estimation Contracts for (LTS)

Algorithm 1: Moment relaxation for (LTS), version 1 [15].

Input: input data (yi, A;), ¢ € [n], inlier rate a, exponent k, relaxation order r > k.
Output: estimate of x°.

/* Algorithm solves a relaxation of the following (LTS) problem: */
/*

( w? = w;, i€ [n] )

Srwi = an
mm Z ”yt Alx H gl (i —yi) =0 ie[n] » (LTS1)

w,@,Gi-Ait€n] wi - (Ai — A;) =0 i € [n]

L xzeX 3
/* Compute matrix X™ by solving SDP resulting from moment relaxation */

1 X* =solve _moment relaxation at order 7 (LTS1)

/* Pick entries of X™ corresponding to x */

fal
2 Tlts—sdpl — Xr;,]

3 return Tjs—sdpi-




Estimation Contract for (MC)

Algorithm 3: Moment relaxation for (MC).

Input: input data (y;, A;), i € [n], relaxation order r > 2.
Output: estimate of x°.

/* Algorithm solves a relaxation of the following (MC) problem: */
/*
n w? =w;, i€ [n]
max Zw- 8.t. Myp=4{ wi| -—AT;;:HE{FQ i € [n] (MC1)
s . s L W, i Y, i g >C
g=1 xzecX
/* Compute matrix X by solving SDP resulting from moment relaxation %/
1 X* =solve_moment_relaxation at order r (MC1)
/* Compute estimate */
TGRS Y
2 for each i € [n] set: v; = ¢ Xl jwi]
0 otherwise

n X["ru:i]

3 & —s5d e s TL x ‘1?1
mc—sdp Zt—] Ej:l X[wj]

4 return Tmc—sdp.
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Image stitching @& #tiz

Feature matches between two images using the moment relaxation approach, the matches
include many outliers, shown in red (inliers are shown in green).




4.1 Datasets and steps

® We use the PASSTA dataset to test rotation search problems arising in image stitching
applications. In order to generate the vector pairs , € 3i=1,2,.....n, we first use
SURF to detect and match point features between the two images.

® From the SURF feature points, we apply the inverse of the known camera intrinsic matrix

K to obtain unit-norm bearing vectors {a;,b;}!; observed in each camera frame.

® Estimate the rotation R between the two camera frames, using the outlier-corrupted

pairs {a:.bi}/2; Finally, using the estimated R, we can compute the homography matrix as

H=KR ~1to stitch the pair of images together.




4.1 Datasets and steps

® PASSTA dataset: a public dataset for evaluating image alignment

® SURF: Speeded Up Robust Features(inifafis4r). It is a robust image
recognition and description algorithm, first published at the ECCV
Conference in 2006. This algorithm can be used for computer vision
tasks such as object recognition and 3D reconstruction.

® SURF feature points: @ S48 X ik FE L, HiBidHessianfERE Y175
RKAENBRANE, FIRENGER DB R AHaar R Sk E L 7, Hif
RFARNRF6A%, E—FIEBLFHINBSARNEE,



4.2 Algorithms and implementation details

® We use the sparse moment relaxation to solve the (TLS) formulation of the
rotation search problem, and use an SDP solver for the resulting
semidefinite relaxation.

® |n all results below we observe the sparse moment relaxation of (TLS) to be
tight. Hence we do not differentiate between the two algorithms.

® The numerical results are obtained on a MacBook Pro with 2.8 GHz Quad-
Core Intel Core i7 processor. T



4.3 Qutlier rates and estimation error

The figure compares the actual estimation error with
the bounds from Proposition 6.

The estimation error is computed as |Z1is —°l| | where x
and ~ are the vectorized representations of the
estimated and the ground-truth rotation, respectively.

Actual error of the (TLS) estimator compared to the a
posteriori bounds from Proposition 6 and the trivial
bound 2Mx = 24/3, with n = 50 and increasing outlier
rates 3. We report a posteriori bounds fordJ =5
(“bound-5") and for the set J chosen as the correctly
selected inliers (“bound-J”).

Estimation error 'f||~i’ = J-'JH'IJ

z[

I O S B S B B B N B B B S B D B S B S B B B .
= actual error

s hound-J

m— hound-5
== = {rivial bound
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Proposition 6 (Low-outlier case: a posteriori estimation contract for (TLS)). Consider Problem 1
with measurements (yi, Ai), i € [n|, and denote with v° the squared residual error of the ground truth

g i 2
x° over the set of inliers T, i.e., 7° Al ZIEI ||yt- - A;r:n‘z'ng. Moreover, assume the measurement set
- 1 = Fri ; 5 i Fs
contains at least ”T"'d + % inliers, where d is the size of a minimal set, and that every subset of d

inliers is nondegenerate. Then, for any integer dg such that d < dg < (2a — 1)n — %;-, an optimal

solution 115 of (TLS) satisfies

2 djﬁ

MmN 7 Tr15.|T|=ds Tmin(Az)

|zTLs — 2%, < , (27)

where It s is the set of inliers selected by (TLS), A is the matriz obtained by horizontally stacking
all submatrices A; for alli € J, and onin(-) denotes the smallest singular value of a matriz. Moreover,
if the inliers are noiseless, i.e., € =0 in eq. (17), and for a sufficiently small € > 0, 1 5 = x°.




4.3 Qutlier rates and estimation error

Several comments are in order:

First, the actual error increases with the outlier rate
(the trend is slightly more difficult to see due to the
log scale): this is expected since with increasing
outlier rates the number of “useful” measurements
decreases;

However, the error remains very small (i.e., less than
1 degree) for all outlier rates.

Second, bound-5 is unfortunately too loose and
uninformative, since—while it improves for larger
outlier 24 _ it remains larger than the trivial

bound.

Estimation error (|l — z°|2)

10°

107

e

| m— actual error
m hound-J

E | m yoUNA-5

[ | == = trivial bound
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