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Introduction

1.The article decouple the 4DOF problem into two subproblems with gravity prior.

2.Propose a BnB-based optimization algorithm for the 3DOF translation search sub-problem.

3.Propose an efficient global voting algorithm for the 1DOF rotation estimation sub-problem.



Problem formulation—Inlier set maximization

The common 6DOF registration problem is intended to estimate the rigid transformation � ∈ ��(3), 
including rotation � ∈ ��(3) and translation � ∈ R3

Inlier set maximization is not only robust but also easy to compute. The formalized optimization 
problem to be solved is: 

we adopt the angle-based criterion to measure the alignment of two point sets.

Then, given an arbitrary unit-norm vector � ∈ R3 , the angle between the direction vector represented 
by each of the two points and this unit-norm vector should be equal

Points �� and �� are considered as aligned (an inlier) only if                                             ，� is the 
angle-based inlier threshold. 



Problem formulation—4DOF registration

With the aid of known gravity directions provided by IMUs, the 6DOF registration problem is reduced 
to 4DOF.
The constraint of the gravity direction is given by:

The solution to this equation is:

The 4DOF registration problem is given by:

Where I is an indicator function that returns 1 if the input condition is true and 0 otherwise



Problem formulation—4DOF transformation decoupling by 
gravity direction
If we consider the known gravity direction �� to be the arbitrary unit-norm vector �, the objective function of 
our problem is:

where � represents the 1DOF rotation, and K represents the set of candidate correspondences.
According to              we have: 

we can then define �� = ∠(�� , �� ). Thus the objective function can be rewritten as

To sum up, we utilize the constraint of known gravity direction to decouple the 4DOF consensus 
maximization problem into 3DOF translation and 1DOF rotation sub-problems.



Decoupled 4DOF point set registration—Global translation search

In order to bound the objective function on an arbitrary branch, the bound for angle ∠(�� + �, �� ) needs 
to be found based on the uncertainty cube C ��� .
We then define      as the middle point of the interval           and can obtain:

Moreover, we define �� as the radius of the interval           ,
there is another case in which the relaxed circumsphere intersects
with the origin, such that �� is π

Geometric principle of the proposed upper and lower bounds for 
BnB. The uncertainty cube        is the red cube. The center of the 
cube is �� + �0 . The light gray sphere is the relaxed circumsphere of 
the cube. The bound for the uncertain angle �� is [� − � , �+ � ].



Decoupled 4DOF point set registration—Global translation search

Finally, we derive the upper bound function on the sub-branch B ⊂ R3 as follows:

In addition, the lower bound function can be: 

Lemma 1. For any translation sub-branch B ⊂ R3 with center �0 and radius �� , the upper bound and 
lower bound of the objective function (9) can be chosen as �(B) and �(B) from Eqs respectively. 
The BnB-based 3DOF translation search algorithm is outlined in Algorithm 1 according to the proposed 
lower and upper bound in Lemma 1.



Decoupled 4DOF point set registration—Global translation search



Decoupled 4DOF point set registration—Global rotation estimation
The geometric intuition is shown in Fig. 5. Moreover, the rotation      that aligns �� to �� with the minimum 
geodesic motion is:

where � = arccos(�� ⋅ �� ), and

Overall, the 4DOF correspondence-based point set registration
problem can be easily solved by running the 3DOF translation 
search in Algorithm 1 and the 1DOF rotation estimation in Algorithm 2.



Experiments

It is evident that the gap between the lower and upper bounds is converging to zero, and 
the proposed method converges to the optimal solution after dozens of iterations. The 
remaining volume of the translation domain decreases rapidly until convergence

Efficient translation search by the proposed BnB and global voting for rotation estimation.



Experiments
Controlled experiments with different outlier rates and noise levels

Comparison of the rotation error and translation error shows that Ours and BnB perform well under all outlier rates. 
Moreover, in most cases, the average errors of Ours are smaller than that of all methods except FGR-4DOF.



Experiments
Controlled experiments with different numbers of correspondence

For the deterministic methods, it can be observed that the accuracy of Ours is higher than BnB and 
lower than FGR-4DOF. However, the average rotation and translation errors of FGR-4DOF are the 
highest. These experiment results illustrate the superiority of our proposed method in terms of 
accuracy and efficiency.



Experiments
Robustness to gravity direction biases

As can be seen, different biased angles have a certain effect on the rotation error, but have little effect 
on the translation error. Overall, these experiments prove that our proposed method is robust to the 
biased angle in gravity directions and remains robust to outliers when gravity directions are biased



Experiments
Real-world data experiments
ETH dataset experiments 

Fig. 12. Rotation error and translation error of all registration methods on the ETH dataset. Subfigures (a)–(e) show the registration results of each scan pair for Arch, 
Courtyard, Facade, Office, and Trees.

In most cases, the errors of Ours are not the lowest, since only rough gravity directions were 
employed in Ours. However, viewed overall, the errors of Ours are acceptable in practice in all cases.



Experiments
A9 dataset experiments

The qualitative and quantitative results for one selected pair of scans are shown 
in Fig. 14. The best experimental results were obtained by the proposed method.



Experiments
The proposed method achieved the best accuracy in the majority of cases. BnB achieved the second-best accuracy.

The running times of each method are shown in Table 5.

The proposed method achieved the best accuracy in the majority of cases. BnB achieved the second-best 
accuracy. Our proposed method is about 10 to 20 times faster than 4DOF BnB. This demonstrates the 
effectiveness of the decomposition mechanism in our proposed method. 



Conclusion
1.In this paper, we present a fast and deterministic method for solving the 4DOF correspondence-
based point set registration problem.
2.Leverage the known gravity directions to decouple the joint 4DOF pose into the sequential 3DOF 
translation and 1DOF rotation.
3.Proposed a BnB-based consensus maximization method for the 3DOF translation search sub-
problem and derive the novel geometrical lower and upper bound functions for the global search.
4. Present an efficient global voting method based on geometrical principles for the 1DOF rotation 
estimation sub-problem.
5.Extensive experiments showed the superiority of our proposed method in terms of accuracy and 
efficiency compared to several existing methods.
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